Jacky Lee Real Analysis Notes May 18, 2020
y y y

Real Analysis Notes

Rational Numbers and Bounds

If 7,5 € Q, then

_ad +bc

c a ac
d bd b

a
bd b

_ad —bc

N c
d bd

ST
SRS
SHES

provided that § # 9.

Note. Strictly speaking, we need to show that these operations are well-defined or that they don’t
depend on the choice of representatives from the equivalence classes.

Definition. Suppose S is an ordered set, and E C S. If there exists € S such that x < B for every
x € E, we say E is bounded above and we call § an upper bound. The terms bounded below and
lower bound are defined similarly.

Definition. Suppose S is an ordered set, E C S, and E is bounded above. Suppose there exists
a € S such that a is an upper bound for E and if 7y < a, then < is not an upper bound for
E, then « is the least upper bound of E or the supremum of E, and we write « = sup E. The
greatest lower bound and infimum (inf E) are defined similarly.

Consider the set {r € Q : r < 2}, which has no supremum in Q.

Definition. An ordered set S has the least-upper-bound property if the following is true: if E C S,
E is not empty, and E is bounded above, then sup E exists in S.

If an ordered set has the least-upper-bound property, then it also has the greatest-
lower-bound property.

Definition. There exists an ordered field R (called the real numbers) which has the least-upper-
bound property, and it contains an isomorphic copy of Q.

Note. Finite ordered fields do not exist. Consider 0 < 1 < 1+ 1 < ... which can’t be a finite
chain.

Dedekind Cuts

1. Define the elements of R as subsets of Q called cuts, where a cut is a subset « of Q such that

(a) «is a nonempty proper subset of Q (v # @ and « # Q).
(b) If peca,gecQ,and g < p, theng € a.
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(c) If p € a, then p < r for some r € & (can’t be in the set and be an upper bound).
2. Define an order on R where a < B if and only if « is a proper subset of B.

3. Show that the ordered set R has the least-upper-bound property. To do this, suppose A is a
nonempty subset of R that is bounded above. Let 7y be the union of all « € A. Then show
v € Rand vy = sup A.

4. For a, B € IR, define the sum «a + B to be the set of all sums r + s wherer € a and s € B.
Define 0* = {t € Q : t < 0} then show axioms for addition in fields hold for R, and that 0*
is the additive identity.

5. Show thatif a, 8,7 € Rand B < <, then a + B < a + 7. This is part of showing that R is an
ordered field.

6. For a, p € R, where « > 0* and > 0%, define the product aptobe {p € Q: q < rs, r €
a, s € B, r>0,s>0}. Note that ap > 0* if « > 0* and B > 0%, which is part of showing
that R is an ordered field.

7. Extend the definition of multiplication to all of R by setting, for all «, 8 € R, a0* = 0*a = 0*
and

(—a)(=p) a<0%,p<0
ap=q —[(-a)(p)] a<0"p>0"
—[(@)(=p)] a>0"p <0

then prove the distributive law.

8. Associate to each r € Q the real number r* = {t € Q : t < r} and let Q* = {r* : r € Q}.
These are the rational cuts in R.

9. Show that Q is isomorphic to Q* as ordered fields.

Properties of Real Numbers

Theorem. Any two ordered fields with the least upper-bound-property are isomorphic.

Theorem. If x,y € IR, and x > 0, then there is a positive integer n such that nx > y. This is called
the Archimedean property of R.

Proof. Let A = {nx : n € Z*} and suppose the Archimedean property is false. Then y would
be an upper bound of A. But then A would have a least upper bound. Say & = sup A. Since
x > 0,a —x < a,and a — x is not an upper bound. Thus, & — x < mx for some m & Z7". But then
a < (m+ 1)x, which contradicts the fact that « is an upper bound of A. Thus, the Archimedean
property must be true.

Theorem. If x,y € R and x < y, then there exists p € Q such that x < p < y. We say that Q is
dense in R.
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Theorem. For every positive real number x and every positive integer n, there is exactly one
positive real number y such that y" = x.

Proof. There is at most one since 0 < y; < yp implies y] < y5. Let E = {t e R: t > 0,#" < x}.
Then E is nonempty since t = 177 = 0<t <1 = " <t <x = t € E. Wealso know E
is bounded above sincet > 1+x = t" >t >x = t ¢ E and tis an upper bound. Define

y = sup E. We can then show that " < x and y" > x each lead to contradictions.

Question. Given a real number in decimal form, what is its associated Dedekind cut?

Cardinality of Sets

Definition. Let A and B be sets. If there is a bijection from A to B, then we say A and B have
the same cardinality (or ‘size’) and write A ~ B. We also write |A| = |B| where | A| denotes the
cardinality of A.

Definition. Let IN denote the natural numbers {1,2,3,...}, also denoted Z". For n € NN, let
Jn ={1,2,...,n}and Jy = @. For any set A,

1. Aisfinite if A ~ J, for some n € IN U {0}.

2. A is infinite if it is not finite.

3. Ais countable if A ~ IN.

4. A is uncountable if A is neither finite nor countable.

5. A is at most countable if A is finite or countable.

Note. We can put an order on the cardinalities where |A| < |B| if and only if there exists an
injection from A to B.

Every infinite subset of a countable set is countable.

Let {E,} where n € Z™ be a sequence of countable sets. If S = U | E,, then S is
countable.

Proof. Let the elements of E; be as follows

Eq = {x11,x12, 13, .. .}

Ey = {x21,x20, %23, ...}

E; = {xn, xip, xi3, .. .}

We can traverse these elements diagonally to get S = {x11, X21, X12, X31, X22, X13, X41, - - . }. Since S is
at most countable and E; C S is countable, we have that S is countable.
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Let A be a countable set and B, be the set of all n-tuples (a3, 4y, ...,a,) where a, € A
fork=1,2,...,n. Then B, is countable for all n € IN.

Theorem. Let A be the set of all sequences of 0’s and 1’s. Then A is uncountable.

Proof. Let E = {ey, ey, ...} be a countable subset of A. For each e;, we analyze its ith digit. We
then construct e € A such that the ith digit of e is the opposite of the ith digit of e;. For example, if
we have

@1011101...

= ( )
=1, 010110...)
=(0,0,[1}1,0,0,1,1,...)
(101@1011...)

Thene = (1,0,0,1,...). Since e ¢ E bute € A, every countable subset of A is a proper subset of
A. Thus, A is uncountable.

Metric Spaces

Definition
A set X, whose elements we will call points, is a metric space if there is a functiond : X x X —
R such that Vp,q € X

1. d(p,q) >0if p #q,and d(p,p) = 0.

2. d(p,q) =4d(q,p).

3. d(p,q) <d(p,r)+d(r,q), Vr € X (triangle inequality).

Definition. The number d(p, q) is the distance from p to g, and d is a metric.
Note. RF is a metric space with the usual metric d(x,y) = |x —y|, x,y € Rk

Every subset Y of a metric space X is also a metric space where we restrict the metric
of X to pointsin Y.

Open and Closed Sets

Definition. Let X be a metric space, p € X, and E C X.

1. Letr € RT. The neighborhood of p with radius r is the set N;(p) = {g € X : d(p,q) < r}.

2. The point p is a limit point of E if every neighborhood of p contains a pointg € E and g # p.

3. If p € E and p is not a limit point of E, then p is an isolated point of E.
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4. Eis closed if every limit point of E isin E.

5. If p € E and there is an r € R" such that N,(p) C E, then p is an interior point of E.
6. E is open if every point of E is an interior point of E.

7. The complement of E in X is the set E© = {x € X : x ¢ E}.

8. Eis perfect if it is closed and if every point of E is a limit point of E.

9. E is bounded if there exists a number M € R* and a point g € X such that d(p,q) < M for
allp € E.

10. E is dense in X if every point of X is in E or a limit of E (or both).
Every neighborhood is an open set.

Proof. Consider the neighborhood E = N,(p), and letq € E. Thenr —d(p,q) € R™. For all points
s such that d(g,s) < r—d(p,q), we have d(p,s) < d(p,q) +d(q,s) < d(p,q)+ (r—d(p,q)) =7,
implying s € N,(p). Thus, ¢ is an interior point of E, and the result follows.

If p is a limit point of E, then every neighborhood of p contains infinitely many
points of E.

Let X be a metric space and suppose E C X. The set E is open in X if and only if its
complement is closed.

Proof. We first prove the forward direction then the backward direction.

(=) Suppose E is open. If x is a limit point of E, then every neighborhood of x contains a point
of E¢. In this case, x can’t be an interior point of E, and because E is open, x € E°. Thus, E€ is closed.

(«<=) Now suppose E¢ is closed. If x € E then x ¢ E€ and is thus not a limit point of E¢. In
this case, there is a neighborhood N(x) such that N(x) N E¢ = @, implying that N(x) C E. Thus,
x is an interior point and E is open.

Theorem. Consider the following statements regarding unions and intersections of open and
closed sets.

1. For any collection {G,} of open sets, U, G, is open.

2. For any collection {F,} of closed sets, N, F, is closed.

3. For any finite collection Gy, G, ..., G, of open sets, NI, G; is open.
4. For any finite collection Fy, F, ..., F; of closed sets, U}, F; is closed.

Definition. Let X be a metric space. If E C X, let E’ be the set of limit points of E. The closure of
Eistheset E=EUE'.

If X is a metric space and E C X, then

Page 5 of 19



Jacky Lee Real Analysis Notes May 18, 2020

1. E is closed.
2. E = Eif and only if E is closed.
3. ECF for every closed subset F of X such that E C F.

Note. E is the smallest closed set that contains E.

Compactness

Definition. Let X be a metric space, and let E C X. An open cover of E is a collection {G,} of
open subsets of X such that E C U,G,.

Definition. If {G,} is an open cover of E, then a subset of {G,} that is also an open cover of E is
called a subcover of {G,}.

Definition

A subset K of a metric space is compact if every open cover of K contains a finite subcover.

Every finite set in a metric space is compact.
Compact subsets are closed.

Proof. Let K be a compact subset of a metric space X. We will show that K is closed by showing
that K is open. Suppose p € K°. We will show that K¢ is open by showing that p is an interior
point of K¢. For each g € K, let V; and W, be neighborhoods of p and g, of radius less than half
the distance between p and gq. Since K is compact, there are finitely many points, say 41, ...,4, in
Ksuch thatif W = Wy, UW,,U...UW, ,then K C W. ItV =V, NnV,,N...NV,, then Visa
neighborhood of p that does not intersect W, which covers K. Thus, V C K¢, and p is therefore an
interior point of K°.

Suppose K C X C Y. Then K is compact relative to X if and only if K is compact
relative to Y.

Closed subsets of compact sets are compact.
If F is closed and K is compact, then F N K is compact.
If E is an infinite subset of a compact set K, then E has a limit point in K.

Proof. Suppose no point of K is a limit point of E. Then each point g € K would have a neighbor-
hood Vj that contains at most one point of E (namely g, if g € E). But then no finite subset of {V;}
can cover E, and the same is true for K because E C K. This contradicts the fact that K is compact.
Thus, the theorem follows.
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Theorem

Let E be a subset of R* (viewed as a metric space with the usual metric). The following are
equivalent.

1. E is closed and bounded.
2. Eis compact.

3. Every infinite subset of E has a limit point in E.

Note. The Heine-Borel Theorem is “(1) if and only if (2)” for R¥.

Note. For all metric spaces, “(2) if and only if (3)” holds.

Perfect Sets

Definition. Let X be a metric space, and E be a subset of X. We say E is perfect if
1. Eis closed and

2. Every point of E is a limit point of E.
If P is a nonempty perfect set in R¥, then P is uncountable.

Proof. Since P has limit points, we know P is infinite. Suppose P is countable and define the points
of P by x1,xz,.... Let V; be any neighborhood of x;. If V; has radius r, note that V; = {y € RF
ly —x1| < r}. We will use V; to recursively construct a sequence {V,,} of neighborhoods as follows.
Suppose V,, has been constructed so that V;, N P is not empty. Since every point of P is a limit point
of P, there is a neighborhood V,, ;1 such that V,,;1 C V,,, x, & V1, and V,, .1 N P # {}. By the last
condition, our recursive construction can proceed to give us a sequence {V,} of neighborhoods.
Let K, = V, N P. Since V,, is closed and bounded, V,, is compact and Kj, is compact. Since x, ¢
Vy+1, no point of P is contained in N, K,. But since K,, C P, this implies that N%°_; K, is empty.
But each K, is not empty by the fact that V11 N P # {} and K,, O Kj,;1. But this contradicts the
corollary that if {K,} is a sequence of nonempty compact sets such that K, 2 K;;1, then N ; K,
is not empty. The theorem follows.

Leta,b € R and a < b. Then the interval [a, b] is uncountable. Also, R is uncount-
able.
Note. There are, however, perfect sets in IR that contain no intervals.
Let Ey be the interval [0,1]. Remove the segment (3,3) and let E; = [0, 3] U [3,1]. Re-
moving the middle thirds from these intervals yields E, = [0, §]U[3, 3] U[$, 5] U [&,1]. Continuing
gives us a sequence {E, } of compact sets such that

1. E12E23_>E32...and

2. E, is the union of 2" disjoint intervals, each of length 2.

Then the set P = N7’ E, is called the Cantor set. Note that P is compact. Also, it is not empty. P
contains no intervals and P is perfect.
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Convergence and Limits

Definition

A sequence {p,} in a metric space X is said to converge if there is a point p € X such that for
every € > 0, there is an integer N such that n > N implies that d(p,, p) < €. In this case, we
say {pn} converges to p, or that p is the limit of {p, }, and we write

lim p, =p

n—oo

Definition. We say {p,} is bounded if the set of all p, is bounded.
Definition. If {p,} does not converge, then it diverges.
Let {p,} be a sequence in a metric space X.

1. {pn} converges to p € X if and only if every neighborhood of p contains p, for all but finitely
many 7.

2. If {p,} converges to p and p’, then p = p’.
3. If {pn} converges, then {p, } is bounded.

4. If E C X and p is a limit point of E, then there is a sequence {p,} in E such that lim, —
Opn = p-
Suppose {s,} and {t,} are complex sequences, and lim,_,c 5, = s and limy, e t,, =
t. Then,

1. limyyeo(Sn +tn) = s+ £.
2. limye0(c+8,) = ¢+ s and limy, o ¢S, = C5.
3. limy,_,c Syt = st.
4. lim,_ e 517 = 1 provided thats, # 0 and s # 0.
Proof Idea. The key insight for (3) is that s,t, — st = (s —5)(tn — t) + S(tn — t) + t(54 — 5).
If p > 0, then lim;, 0 nl—,, = 0.

Proof. Let € > 0 and let N be a positive integer grater than e%/p Ifn > N, then 5 < % <

W = e. It follows that % — 0.

If p > 0, then limy 0 /p = 1.
Proof. Case p > 1. Putx, = y/p — 1. Then x, > 0 and by the Binomial Theorem, 1 + nx, <
(14 x,)" =p. Thus, 0 < x,, < pT_l. Hence x, — 0so {/p — 1.

Case p = 1. This is trivial.

Case 0 < p < 1. Consider the sequence { {1}?} By the first case, {1}? = (/% — 1. Thus, ¢/p — 1.
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If n > 0, then lim;, . /1 = 1.

Proof. Let x, = {/n — 1. Then x, > 0 and by the Binomial Theorem, n = (1 + x,,)" > "("2_1)x31.
Thus whenn > 2,0 < x, < ,/%. But,/% — 0, thus x, — 0so /n — 1.

Ifp>0and a € R, then lim;,_, ﬁ =0.

Proof. Let k be a positive integer such that k > x. When n > 2k,

(1+p) > (Z)Pk: n(n—l)(n—Zk)!...(n—k—i—l) >gg ZZ‘: Z::ZI:
Thus, when n > 2k, .
« « !
0< (11;9)” < nk/2kn- PRkl 2;9]’:.”&_1(
Sincew —k < 0, n** = nkl,ﬂ — 0. Therefore, ﬁ — 0.
If |x| < 1, then lim;,_, x" = 0.
Proof. Letp = \}T| — 1. Then p > 0 and setting « = 0 in the identity lim, ﬁ = 0 yields

S O R LU S I n
0= tm Gy = M G = Jim |x]

It follows that x" — 0.
Cauchy Sequences
Definition

A sequence {p,} in a metric space X is a Cauchy sequence if for every € > 0, there is an
integer N such that d(p,, pm) < €if m,n > N.

In any metric space X, every convergent sequence is a Cauchy sequence.

If X is a compact metric space and if {p, } is a Cauchy sequence, then {p, } converges
to some point in X.

In R¥, every Cauchy sequence converges.
Definition. A metric space is complete if every Cauchy sequence converges.
All compact metric spaces and all Euclidean spaces are complete metric spaces.

Note. How might we ‘complete’ the rationals? We can think of R as equivalences classes of
Cauchy sequnces such that {p,} ~ {q,} if and only if d(p,,q,) — 0.
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Definition
Given a complex sequence {a, }, we can create a new sequence {s, } where s, = Y} _; ax. We

call {s,, } an (infinite) series and is often denoted Y, ; a,,. The numbers s, are the partial sums
of the series. Also, if s, — s, then we will write

[ee]
Z a, =S
n=1

Note. Sometimes we will consider series of the form sg, s, sy, . .. and write )" a,. We might also
just write ) ay,.

The series ), ; a, converges if and only if for every € > 0, there is an integer N such
that | Y}"  ax| < e whenever m > n > N.

Proof. Note that C is essentially IR? and thus {s, } converges if and only if it is a Cauchy sequence.
Furthermore if m > n — 1, then d(s;;, s,—1) = |Sm — sn—1| = | L, ak|-

Tests for Convergence

If Y57 1 a, converges, then lim,, 0 a, = 0.
Proof. Take m = n in the previous theorem, which gives us |a,| < e whenn > N.
Note. It is possible for a, — 0 and have }_a, be divergent. For example, ), ; % diverges.

Proof Idea. Consider the following.

1+1/2+1/3+1/4+1/5+1/6+1/7+1/84+1/9+...+1/16+...
N——
>1/2 >1/2 >1/2 >1/2

Theorem (Comparison Test). Let Ny be a fixed integer. If |a,| < ¢, forn > Ny, and Y ;" ¢
converges, then Y ; a, converges. If a, > d, > 0 forn > Ny, and if ), ; d, diverges, then
Y1 an diverges.

Proof. Given € > 0, we know there is some N > Ny such that m > n > N implies } ;' , ¢k < €.
Thus, | Y01, ax] < Y0, lax] < Y01, ok < € and the first part follows. Also, the second part follows
from the first part because if } | a, converges, then so must ) d,,.

Note. To use the Comparison Test, we need to know a series of nonnegative real numbers whose
convergence or divergence is known.

If0<x<1,then), (x" = ﬁ If x = 1, the series diverges.

. . . . __an+1
Proof. The key insight is that if x # 1, we lets, = Y xf = 1225

letting n — co. Note that when x = 1, the series clearly diverges.

and the result follows by

Theorem (Cauchy Condensation Test). Suppose a; > a; > ... > 0. Then the series ), a,
converges if and only if the series ) ;7 2ka2k = ay + 2ap + 4a4 + 8ag + ... converges.
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Proof. A series of nonnegative real terms converges if and only if its partial sums form a bounded
sequence. Thus, it suffices to consider the boundedness of the partial sums s, =a; +ax +... +a,
and ty =a14+2a +...+ Zka2k. For n < 2%, s, < t; because

sn < (a1)+ (a2 +az)+...+ (ap + ...+ amp_q)

<ay+2a+ ...+ 2%ay
:tk

For n > 2K, 2s, > t; because

sp > (a1) + (a2) + (az+as) + ...+ (ap-1q + ...+ ax)
1
§a1+a2+2a4+ 42k,
= 5t

It follows that the sequences {s,} and {t,} are either both bounded or both unbounded and the
theorem follows.

Yo 1 & converges if p > 1 and diverges if p < 1.

Proof. If p > 0, then the terms in the sequence don’t converge to 0 so ¥ -1 diverges. If p > 0, then
by the previous theorem, we can consider the series

L2y - L)

But this is a geometric series which will converge if 0 < 5 i < 1and will diverge if > 1so

7
the original series will converge if p > 1 and diverge if p g 1.

Definition. Let {s,} be a sequence of real numbers and let {s,, } be some subsequence that con-
verges to some x. Then x is a subsequential limit of {s, }.

Definition. Let {s, } be a sequence of real numbers and let E be the set of all subsequential limits.
We define
limsups, =supE liminfs, = infE

oo H—00
Theorem (The Root Test). Given ¥ a,, leta = limsup, . ¢/|an].
1. If« < 1, then }_a, converges.
2. If o« > 1, then ) _a, diverges.
3. If & = 1, then the test gives no info.

Proof. If & < 1, then choose B such that « < B < 1 and an integer N such that {/|a,| < B for
n > N. Thus if n > N, we have |a,| < p". Since 0 < B < 1, }_B" converges because it is a
geometric series and by the comparison test, ) a4, converges.
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If & > 1, then there is a sequence {ny} such that V/|a,, | — «. Thus |a,| > 1 for infinitely many #,
so it must be the case that a, /4 0 and therefore ) a, can’t converge.

Note that }" 1 and Y % both have & = 1 but they diverge and converge, respectively.

Theorem (The Ratio Test). Suppose a, # 0 for all n. The series }_a,

ef 1. ay
1. Converges if limsup,, ., |75 < 1.
2. Diverges if |“:’1—:1| > 1 for all n > ny where ng is some fixed integer.

Proof. If limsup,, ., [*#| < 1, then choose some f < 1 and an integer N such that || < § for
all n > N. We then have for all # > N, |a,| < (|an|B~N)B". Since 0 < B < 1, Y p" converges.
Thus by the comparison test, ) a, converges.

If |ay41| > |ay| for n > ng, then a, /4 0,s0 }_a, diverges.
Note. The Ratio Test is not useful for }_ % and ) %

Consider the series % +1+ % + % + 3%2 + 11—6 + ﬁ + 6%1 +.... Inthis case, liminf, "* L —

%, limsup, ”;:1 = 2, so the Ratio Test does not apply. But limnHOo Wa, = 2 so the series Con-

verges by the Root Test.

Properties of Convergence

Definition. Let z € C and let {c,} be a sequence of complex numbers. The series }_c,z" is a
(complex) power series.

Given the power series Y c,z", let & = limsup, . {/|cu| and let R = 1 (where
#=0 = R=+oanda = +o0 => R =0). Then }_c,z" converges if |z| < R, and diverges if
|z| > R.

Proof. Let a, = c,z" and apply the Root Test. We see that

limsup 1/ |a,| = |z| hmsup \/len| = |z|la = |—

n—oo

Note that if %‘ > 1 then |z| > R and the series diverges. Similarly, if % < 1, then |z| < R and the
series converges.

Given two sequences {a,} and {b,}, let A, = Y}_, a; be the nth partial sum of }_a,
forn >0and A_; =0.If0 < p < g, then

71

q
n=p n=p
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Proof. We have

1=
2
S5

I
1=

(An - An—l)bn

3
Il
=
2
Il
=

I
=
N

q
- Z An—lbn
n=p

T
=

Au(by — buy1) + Agby — Ay 1b,

3
Il
=

Note. This is a “partial summation formula”. We will use it to understand series of the form

Y anby

Suppose the partial sums A, of ) a, form a bounded sequence and by > b; > by >
..and lim,_,c b, = 0. Then }_a,b, converges.

Proof. Choose M such that |A,| < M for all n. Given € > 0, there is an integer N such that
by < 5% f N < p < g, then

2 (by = bys1) + Aghy — Ap_1by

n=p

1
Z (bn = buy1) +bg| + M |by|

— M(2b,)
< 2Mb,
< 2Mby
<€

The convergence of ) a,b, follows from the Cauchy Criterion.

Suppose |c1| > |c2| > |e3] > ..., com—1 > 0, com < 0, and limy, oo ¢, = 0. Then Y ¢y,
converges.

Proof. Apply the previous proposition with a, = (—1)"*! and b,, = |c,|.

Definition. An alternating series is a series for which ¢3,,—1 > 0 and ¢z, < 0.

Definition. The series ) a, is said to converge absolutely if the series }_ |a,,| converges.

If ) a, converges absolutely, then ) a, converges.
Proof. Convergence follows from the inequality | Y 7L, ax| < Y}, |ax| and the Cauchy Criterion.
Definition. If } a, converges but not absolutely, then we say it converges conditionally.

Note. The Comparison Test, Root Test, and Ratio Test are really tests for absolute convergence.
They don’t give any information about conditionally convergent series.
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Definition. The sum of two series }_a, and }_b, is the series }_d, where d, = a,, + b, for all n.
The product of }_a, and }_ b, is the series ) c, where ¢, = apb,, + a1b,_1 + ...+ a,bo.

IfYa,=Aand ) b, = B, then Y (a, +b,) = A+ Band }_ca, = cA.

Note. It is possible to take the product of two convergent series and yield a series that does not
converge.

Suppose ) a, converges absolutely, y_a, = A, Y. b, = B, and ¢, = Y| axb,_, then
Y c, = AB.

IfYa,=AYb,=B,Yc,=C,and ¢, = agh, + ...+ a,by, then AB = C.

Definition. Let {k,} forn =1,2,3,...be a sequence in which every positive integer appears once
and only once. If a; = a;, then we say }_a;, is a rearrangement of }_a,,.

The series 1 — 3 + 1 — 1 + ... converges to some nonzero real number, say A. If we
could rearrange the terms without changing the limit A, we would see that

1 1 1 1 1
A—l—iﬁ-g—a—f—g—g—f—..
o, 111111 1
2 4 3 6 8 5 10 12
:(1_1 1, 1_1>_1 <1_1>_1+
2 4 3 6 8 5 10 12
1 1 1 1 1 1
“2 176 s 0 12"
:1<1_1+1_1+1_1+ )
2 2 3 4 5 6
1
_EA

But then A = 0, which is a contradiction of A # 0.

Let )" a, be a real series that converges but not absolutely. If —co < a <
+o00, then there exists a rearrangement }_a,, with partial sums s/, such that liminf,_,. s}, =

. ; _
limsup, . s, = B.

p <
an

Q.

4

If } a, converges absolutely, then every rearrangement of } a, converges and they
all converge to the same number.

Continuity
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Definition
Let X and Y be metric space with metrics dx and dy, respectively. If p is a limit point of X,

and f : X — Y, then we write
lim f(x) = q

X—=p

if there is a point g € Y with the following property.

For every € > 0, there exists 6 > 0 such that dy(f(x),q) < € for all x € X for which
dx(x,p) < 0.

In this case, we say that “the limit of f(x) as x approaches p is a”.

Definition

Suppose X and Y are metric spaces, p € X, and f : X — Y. We say f is continuous at p
if for every € > 0 there exists 6 > 0 such that dy(f(x), f(p)) < € for all x € X such that
dx(x,p) <.

Definition

If f is continuous at every point of X, then we say f is continuous on X, or simply that f is
continuous.

Every function f : Z — R is continuous.

Theorem. Suppose p is a limit point of X and f : X — Y. Then f is continuous at p if and only if
limyp f(x) = f(p)-

Theorem. Suppose f : X — Y. The map f is continuous on X if and only if f~*(V) is open in X
for every openset Vin Y.

Proof. We first prove the forward direction then the backward direction.

(=) Suppose f is continuous on X and V is an open set of Y. We will show every point of
f~Y(V) is an interior point of f~1(V). Suppose p € X and f(p) € V. Since V is open, there exists
€ > Osuch thaty € Vif dx(f(p),y) < e. Since f is continuous on p, there exists 6 > 0 such
that dy (f(x), f(p)) < e if dx(x,p) < J. Thus, the neighborhood Nj(p) is contained in f~1(V). It
follows that every point of f~1(V) is an interior point of f~}(V). Thus f~!(V) is open as desired.

(<) Suppose f~1(V) is open in X for every open set V in Y. Fix p € X and € > 0 and let
V = Nc(f(p)). Then V is open, so f~1(V) is open. Hence there exists 6 > 0 such that Ns(p) C
F~Y(V). In other words, there exists § > 0 such that dy(f(x), f(p)) < € for all x € X for which
dx(x,p) < 6. Thus f is continuous at p. It follows that f is continuous on X.

Suppose f : X — Y. The map f is continuous on X if and only if f~1(K) is closed
for every closed set Kin Y.
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Suppose X and Y are metric spaces and that X is compact. If f : X — Y'is continuous,
then f(X) is compact.

Proof. Let {V,} be an open covering of f(X). Since f is continuous, { f~!(V,)} is an open covering
of X. Since X is compact, there are finitely many indices a3, a,...,«, such that X C f *1(VM) U
. UfYV,,). Thus, f(X) C V,, U...UV,, implying that f(X) is compact.

There is no continuous map from [0, 1] to R.

If f is a continuous map of a compact metric space X into R¥, then f(X) is closed
and bounded.

Suppose f is a continuous real function on a compact space X, M = sup f(x), and
m = inf f(x). Then there are points p,q € X such that f(p) = M and f(q) = m.

Let X and Y be metric spaces and suppose f : X — Y is continuous and bijective. If
X is compact, then f~1 : Y — X is continuous.

Proof. It is enough to show that for every open set Vin X, (f~1)"1(V) = f(V) is open in Y. Let
V be an open set in X. Then V° is closed in X, thus V° is compact in X. Hence, f(V°) is compact
in Y and is therefore closed in Y. Since f is bijective, (V)¢ = f(V*). Thus, f(V) is open.

Definition. Let X and Y be metric spaces and f : X — Y. We say f is uniformly continuous on
X if for every € > 0 there exists § > 0 such that dy(f(p), f(g)) < € for all p,q € X for which
dx(p,q) < 9.

Let X and Y be metric spaces and suppose f : X — Y is continuous. If X is compact,
then f is uniformly continuous.

Derivatives
Definition
Let f be a real-valued function on [a, b]. For any x € [a,b], define

fl(x) — lim f(t) —f(X)

t—x t—x

provided that the limit exists. Then f’ is called the derivative of f. If f’ is defined on
x, then f is differentiable at x. If f’ is defined at every point x € E C [a,b], then f is
differentiable on E.

Theorem. Let f be a function on [a, b]. If f is differentiable at x € [a, ], then f is continuous at x.

If f:[a,b] > R, f:[ab - R, and f and g are both differentiable, then fg is
differentiable.

Proof. We first note that fg(t) — fg(x) = (f(t) — f(x))g(x) + f(£)(g(t) — g(x)). Then we observe
that
fg(t)t:{c‘g(x) — lim f(t) _f(x)g(x) +11mf(t)g(t) _g(x)

t—x t—x t—x t—x

Thus, (fg)'(x) = f'(x)g(x) + f(x)g'(x)-

lim
t—x

Page 16 of 19



Jacky Lee Real Analysis Notes May 18, 2020

Note. Similar properties hold for the sum and quotient of two functions. The proof and derivation
are similar.

Note. Because you know the derivative of f(x) = c and f(x) = x, you can use the product rule,
sum rule, and induction to show that the derivatives of polynomials are what you know they are.
You induct by using the identity

apX" 4. ax4ag = x(a, X"+ ax+ay) +ag

Theorem (Generalized Mean Value Theorem). If f and g are continuous real functions on a closed
interval [a, b] which are differentiable in (a,b), then there is a point x € (a,b) such that

[f(0) = f(a)lg'(x) = [g(b) — g(a)]f'(x)

Proof. Define h : [a,b] — R by setting h(t) = [f(b) — f(a)|g(t) — [g(b) — g(a)]f(t). Then h is
continuous on [a, ] and differentiable on (a,b). Also, h(a) = f(b)g(a) — f(a)g(b) = h(b). The
theorem will follow if we show that //(x) = 0 for some x € (a,b). If h is constant then we are
done. If h(t) > h(a) for some t € (a,b), then let x be a point in (a,b) at which & attains its
maximum (by the compactness of [g,b]). Thus, I'(x) = 0. If h(t) < h(a) for some t € (a,b), then
the same result holds by using the minimum of .

Theorem (Mean Value Theorem). If f is real and continuous on [a, b] and differentiable on (a,b),
then there is a point x € (a,b) at which

f(0) = f(a) = f'(x)(b—a)
Corollary. Suppose f is differentiable on (a, b).
1. f'(x) > 0forallx € (a,b) = f is monotonically increasing.
2. f/(x) =0forall x € (a,b) = f is constant.
3. f'(x) <Oforallx € (a,b) = f is monotonically decreasing.

Suppose f is a real differentiable function on [a,b]. If f'(a) < A < f'(b), there is a
point x € (a,b) such that f'(x) = A.

Proof. Set g(t) = f(t) — At. Then ¢’(a) = f'(a) — A < 0so g(t1) < g(a) for some t; € (a,b). Also,
¢'(b) = f'(b) — A > 0s0 g(t2) < g(b) for some t; € (a,b). Thus, we know ¢ attains its minimum
on [a,b] at some point x € (a,b). Thus, ¢'(x) = 0and f'(x) = A.

Theorem (Taylor’s Theorem). Suppose f is a real function on [a,b], 1 is a positive integer, f("~1)

is continuous on [a,b], and f(")(t) exists for all t € (a,b). Let &, B € [a,b] where & # B and define

1

Py (t) = fla) + f(a)(t —a) + %f”(“)(t —a) 4.t Wf("_” (a) (t — )"~

n—=1 r(k)
:kgof 9 g

Then there exists a point x between a« and  such that f(B) = P,—1(B) + ) (B—a)™

n!
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Proof. Let M be the number such that f(B) = P,_1(B) + M(B — «)". We want to show that
M = £ for some x between a and B. To do so, define g : [a,b] — R by setting g(t) =

n!
f(t) = Py_1(t) — M(t —a)". Then g (t) = f")(t) — n!M for all t € (a,b). Thus, we need to show
that ¢() (x) = 0 for some x between & and 8. Since P,gli)l(oc) = f®(a) fork =0,1,...,n—1, we
have g(a) = ¢'(a) = ... = g" "V (a) = 0. Next note that ¢(B) = 0 so by the Mean Value Theorem,
¢'(x1) = 0 for some x; between « and B. Since ¢’(x) = 0 and ¢'(x1) = 0, by the Mean Value
Theorem, g"(x2) = 0 for some x; between « and x7. After n such steps, we have g(”) (xy) = 0 for

some x, between « and x,,_1. Since x, is also between « and B, this completes the proof.
Note. When n = 1, this is just the Mean Value Theorem.

Note. The polynomial P,_; is a Taylor polynomial and we can ask questions about the sequence
Py, Py, P, ... such as does it converge.

Convergence of Functions

Consider the following example of a sequence of functions f1, f2, f3, ... where f;, = & (f, : R — R).
Then the picture we have is

Y fi f2 f

fa

X

and the functions are converging “pointwise” to the constant function f(x) = 0. Next consider
the functions f, defined on [0, c0) where

X" x€]0,1]
f”_{l x € (1,00) i b

x
The picture here is as shown and the limit approaches a function resembling a step. In this, each

fu is continuous, but the pointwise limit is not continuous.

Definition. A sequence of functions { f,} converges uniformly to a function f if for every € > 0
there is an integer N such that m > N implies | f,(x) — f(x)| < eforall x € E.

The sequence { f, } converges uniformly if and only if for every
€ > 0 there exists an integer N such that # > N and m > N implies |f,(x) — fiu(x)| < € for all
x € E.
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Theorem. Suppose f, — f uniformly on a set E in a metric space. Let x be a limit point of E and
suppose lim;_x f,(t) = A, (n = 1,2,3,...). Then {A,} converges and lim;_,, f () = lim, e Ap.
In other words,

lim lim f,(f) = lim lim £, (f)

t—x n—00 n—o0 t—x
Proof. Let € > 0. By the uniform convergence of { f, }, there exists an N such thatn > N, m > N,
t € Eimply |fu(t) — fu(t)| < €. Letting t — x yields |A;, — An| < e whenn > Nand m > M,
showing that {A, } is a Cauchy sequence (of complex numbers) and therefore converges to some
A. Note thatforn e Nand t € E,

[f(#) = AL < [f(8) = fu()] + | fu(t) = An| + | An = A

by the Triangle Inequality. Now choose 7 such that for all t € E, |f(t) — fu(t)| < § (which we can
do since f, — f uniformly) and such that |A, — A| < % Then for this 1, choose a neighborhood
V of x such that |f,(t) — Ay| < § whent € VNE,t # x. It follows that [f(t) — A| < e when
t € VNE,t # x, which is equivalent to lim;_,, f(¢) = lim,_,c0 Ay.

Corollary. If {f,} is a sequence of continuous functions, and if f, — f uniformly, then f is con-
tinuous.

Proof. By the previous theorem, lim;_, f,(t) = A, = fu(x) and lim;, f(f) = limye0 Ay =
limy o0 fu(x) = f(x).

Definition. If X is a metric space, then ¢ (X) denotes the set of all continuous, complex-valued,
and bounded functions with domain X.

Definition. We can associate to each f € ¢ (X) its supremum norm

I£1 = sup [ f(x)]
xeX

Suppose f,g € € (X).
1. [If] < oe.

2. ||f]] = 0if and only if f is the zero function.

3. f gl < NfI+llgll-
Define the distance between f and g to be || f — g||. Then %'(X) is a metric space.

A sequence { f, } converges to f in ¢ (X) if and only if f,, — f uniformly on X.
The above metric makes ¢'(X) into a complete metric space.

Proof. Suppose {f,} is a Cauchy sequence in ¢ (X). Thus for every € > 0, there is an N such
that ||f, — fm|| < € whenever n > N and m > N. Thus there is a function f : X — C to which
{fn} converges uniformly. Thus f is continuous. Also, f is bounded since there is an n such that
|f(x) — fu(x)| < 1forall x € X and f, is bounded. Hence f € ¢'(X) and since f,, — f uniformly
on X, we have ||f — fu|| = 0asn — oo.

Theorem (Stone-Weierstrass Theorem). If f is a continuous complex function on [a, b], then there
exists a sequence of polynomials { P, } such that lim,,_,c P,(x) = f(x) uniformly on |4, b]. Further-
more, if f is real, then P, can be taken to be real.
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